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Abstract
For  ∈ (0 1) the problem of 0nding sup|fn|f for holomorphic functions f(z)=f0 +f1z+ · · · in the unit disk |z|¡ 1
with ¡ |f(z)|¡ 1 is discussed and an extension of Krzyz˙’s conjecture is given. The Landau problem in every such
class is also discussed. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let H (U ) denote the set of analytic functions in the unit disk U . We consider the following
classes of functions:
B= {f ∈ H (U ): f(z) = 1 + f0 + f1z + f2z2 + · · · ; |f(z)|¡ 1; z ∈ U};
B = {f ∈ B: |f(z)|¿; z ∈ U}; (06¡ 1);
W = {f ∈ B: f(0) = 0};
P= {p ∈ H (U ): p(z) = 1 + p1z + p2z2 + · · · ; Rp(z)¿ 0; z ∈ U}:
If An = maxf∈B0{|fn|}, n = 1; 2; : : : then we may state what we call Krzyz˙’s conjecture states that
An = 2=e, n= 1; 2; : : : and this maximum, is attained only for functions
kn(z) = exp
[
zn − 1
zn + 1
]
; (n= 1; 2; 3; : : :)
and its rotations eikn(eiz),  and  being real numbers.The problem in the general case is very
hard and it is solved only in some special cases (see [2,4]).
E-mail address: samaris@math.upatras.gr (N. Samaris).
0377-0427/01/$ - see front matter c© 2001 Elsevier Science B.V. All rights reserved.
PII: S 0377-0427(00)00621-X
14 N. Samaris / Journal of Computational and Applied Mathematics 137 (2001) 13–18
In this paper, we consider the more general problem of determining
Sn() = max
f∈B
{|fn|}; (n= 1; 2; 3; : : :)
and solve it for n= 0; 1; 2. The results led in an extension of Krzyz˙’s conjecture to any class B.
2. Results
Theorem 1. For any class B (0¡¡ 1); we have
S0() = 1 and S1() = S2() = S();
where
S() =−21=2 (log )√
2 + (log )2
exp
[
− log  arctan
(
− log a
)]
: (1)
In order to prove the Theorem we will need the following Lemmas.
Lemma 1. For any  ∈ (0 1) the following propositions are equivalent:
(i) f ∈ B.
(ii) The function f can be written in the form
f = L(w;p; t) ≡ exp
[
ik log (eiw + (cosw)(p− 1)) + it − k
2
]
(2)
where
k =− 1 log a; −

2
¡w¡

2
; p ∈ P; t ∈ R:
Proof. We remark that
(a) f ∈ B iG f has the form f = e−h with h ∈ H (U ) and 0¡Rh¡− log .
(b) The transform
Z →
(
i log Z − 
2
)
log 

from {Z ∈ C: RZ ¿ 0} to {Z ∈ C: 0¡RZ ¡− log } is one-to-one and onto.
(c) For a function p1 ∈ H (U ) it holds Rp1¿ 0 iG the function p1 can be written in the form
p1 = eiw +  cosw(p− 1) with ¿ 0; −=2¡w¡ =2 and p ∈ P.
By combining three remarks above we obtain the required result.
Lemma 2. If (p1; p2) ∈ C2 then the following propositions are equivalent:
(i) There exists a function p ∈ P of the form p(z) = 1 + p1z + p2z2 + · · ·, z ∈ U .
(ii) The numbers p1, p2 can be written in the form
p1 = 2r1z1; p2 = 2(1− r21)r2z2 with 06ri61; |zi|61; i = 1; 2:
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Proof. By CarathIeodory–Toeplitz Theorem (see [1]), we have that the proposition (i) is equivalent
to |p1|62 and |p2 − p21=2|62− |p1|2=2. The rest of the proof is obvious.
Proof of Theorem 1. We consider a function f(z) = f0 + f1z + f2z2 + · · · ∈ B. Setting in (2)
without loss of generality t = 0 we get
f0 = ekw−(1=2); (3)
f1 =− ikp1ekw−iw−(1=2)k cos w; (4)
and
f2 =− 12k cosw(2eiwp2 − p21 cosw − ikp21 cosw)ekw−2iw−1=2k: (5)
From (3) it is obvious that S0() = 1. Combining (4) and Lemma 2 we get
S1() = 2ke−(1=2)k

 max
− 2¡w¡

2
(ekw cosw)

 :
It is now easy to see that the maximum of the function ekw cosw (−=2¡w¡ =2) is given for
w = arctan k, hence S1() = S().
Combining (5) and Lemma 2 we get
S2() = 12ke
−k=2 max
{
F(r1; w): − 2 ¡w¡

2
; 0¡r1¡ 1
}
;
where
F(r1; w) = ekw cosw[(|sinw − k cosw| − 1)r21 + 4]:
If −=2¡w¡ =2 and |sinw − k cosw|¿ 1 then tanw¡ (k2 − 1)k−1¡k and F(1; w) =
2ekw cosw(k cosw − sinw). Solving the equation
@
@w
F(1; w) = ekw cos2 w(tanw − 3k tanw + k2 − 1) = 0
we obtain that tanw = 1;2(k), where
1(k) =
3k −√5k2 + 4
2
and 2(k) =
3k +
√
5k2 + 4
2
:
The function F(0; w) = 2ekw cosw is decreasing for tanw¿k and increasing for tanw¡k.
For k ¡ 1, it holds that (k2 − 1)k−1¡1(k)¡k, therefore, the maximum of function F(1; w) is
given for w0=arctan(k2−1)=k. Since F(1; w0)=F(0; w0), we get the maximum value of the function
F(r1; w) for r1 = 0 and tanw = k.
If k ¿ 1 then 1(k)6(k2 − 1)=k6k62(k), therefore
S2() = 12ke
k=2 max{F(r1; 1(k)); F(0; k)}:
It remains to prove that F(0; k)¿F(1; 1(k)), for k ¿ 1. If
H (k) =
F(0; k)
F(1; 1(k))
;
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then
H (k) = ekfg and H ′ = Hg1;
where
f(k) = arctan k − arctan 1(k);
g(k) =
1 + 21(k)
(k2 + 1)1=2(k − 1(k)) ; g1 =
g′
g
+ f + kf′:
Solving the equation g′1 = 0 (This is an equation that involves square roots and integer powers
only; using computer program mathematica we 0nd all its solutions in C) we 0nd a unique real
root k = 5−1=2. Therefore, g′1(k)¿ 0 for k ¿ 1. By the relation limk→∞ g1(k) = 0 we obtain that the
function H is decreasing for k ¿ 1. Combining this result with limk→∞H (k)= 1:9 : : :¿1 we obtain
the required result.
Theorem 2. If
B(n) =
{
f = L(w;p; t) ∈ B: pk = 0 for 16k ¡ n2
}
; n= 3; 4; : : :
then
max
f∈B(n)
|fn|= S();
and we get extremal functions for p(z) = (1 + zn)=(1− zn) and w = arctan k.
Proof. For appropriate r0 and |z|¡r0 we get
f = L(w;p; t) = e−k=2
∞∑
m=0
[(cosw)mzm(p + p+1z + · · ·)mC(−ik; m)ekw−im];
where = [(n+ 1)=2] and C(−ik; m) =−ik(−ik − 1) · · · (−ik − m+ 1).
If n= 2+ 1 then
fn =−ikpnekw−iw−(1=2)k: (6)
We consider the functions p∗(z)=1+
∑∞
k=1 pknz
k ∈ P and f∗=L(w;p∗; 0). By combining (4) and
(6) we obtain fn = f∗1 , hence |fn|6S() with equality for pn = 2 and w = arctan k.
If n= 2 then
fn =− 12k cosw(2eiwp2 − p2 cosw − ikp2 cosw)ekw−2iw−(1=2)k: (7)
We now consider the functions p∗∗(z) = 1 +
∑∞
k=1 pkz
k ∈ P and f∗∗ = L(w;p∗∗; 0). By com-
bining (5) and (7) we obtain fn = f∗∗2 , hence |fn|6S() with equality for p(n=2) = 0, pn = 2 and
w = arctan k.
Theorems 1 and 2 and the relation lim→0 S() = 2=e lead to the following extension of Krzyz˙’s
conjecture
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Conjecture. For n= 1; 2; : : : it holds
Sn() =− 21=2 (log )√2 + (log )2 exp
[
− log  arctan
(
− log 
)]
:
Relation (2) for
w = arctan
(
− log a
)
and p(z) =
1 + zn
1− zn
gives extremal functions.
Landau in [3] proved that
sup
f∈B
|f1 + f2 + · · ·fn|= 1 +
∞∑
n=1
(
1:2:3: · · · :(2k − 1)
2:4: · · · :2k
)
:
Lewandowski and Szynal in [5] consider the Landau problem for the class B0 and prove that
max
f∈B0
|f0 + f1|= 2e−1=2 and max
f∈B0
|f0 + f1 + f2|= 1:33 : : : :
Considering the Landau problem for every class B, we 0nd the following partial result.
Theorem 3. For every class B (0¡¡ 1), we have
max
f∈B
|f0 + f1|=
(
1− 2s() log  
1=2
)
exp
[
− log  arcsin s()
]
;
where
s() =
(log +
√
4 log 2+ 32)
2(2 + log2 )
:
Relation (2) for
w = arcsin s() and p(z) =
1 + ieiwz
1− ieiwz
gives extremal functions.
Proof. Combining (3) and (4) with Lemma 2 we get
max
f∈B
|f0 + f1|= e−(1=2)k max
06w6=2
(1 + 2k cosw)ekw:
By the above relation after elementary calculations we obtain the required result.
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